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If H is a Ramsey graph for a graph G then H is rich in copies of the graph G. Here we prove 
theorems in the opposite direction. We find examples of H such that copies of G do not form short 
cycles in H. This provides a strenghtening also, of the following well-known result of Erd6s: there 
exist graphs with high chromatic number and no short cycles. In particular, we solve a problem of 
J. Spencer. 

1. Introduct ion  

Throughou t  this paper  we use the term "subgraph"  to mean induced subgraph. 
We write G_~G" to  indicate tha t  G is a subgraph o f G ' .  I f G  and H are graphs then 

w e d e n o t e b Y ( G )  thesetofal lsubgraphsofHwhichareisomorphictoG.  

 eas. sot j Let (#  i n H .  

Def in i t ion  1.1.  (~c=(H) is a t-Ramsey system of  copies of  G i f  for et,ery partition 

dx U ... U ~ t  o f  the edges o f  H into t classes there exist G" E (# and iE {I, 2, ..., t } such 
that E(G')C=~¢ i. 

Alternatively, a part i t ion d l U . . .  U~Ct o f  the edges o f  H will sometimes be 
considered as a colouring ~p:E(H)o{I,2,  ..., t} defined by ~0(e)=i iff eEoC/. 

( 9 = [ ~ , ]  is t -Ramsey then we simply write H---(G),. I f  

i.e., the system o f  edge sets o f  copies f rom <5. 
Let 5 e = ( X ,  J l )  be a set system, i.e., ~ ¢ / ~ ( X ) .  Recall that  the chromat ic  

number  Z(X, ,/¢) o f  (X, ~ ' )  is the minimal number  o f  classes X1 . . . . .  X~ o f  a parti- 
t ion o f  X such that  no  Xi contains an edge ME,t~,. 
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Sometimes we specify the set system by the edge set ~¢z' only. In that case we 
mean the set system (U ~ ' ,  ~//,). Recall that a cycle of length I in a set system (X, W't') 
is an alternating sequence x0, M1, xl, Ms, ..., x, of vertices and edges of (X, .it/) 
satisfying x,,=Xo, M~D= {xi-1, xl} with at last two vertices x~, xj and two distinct 
edges M~ and Mj.  Sometimes we specify a cycle by means of the edge-sequence only. 

The Lemma below follows immediately from comparison of the definitions: 

Lemma 1.2. H2~(G), iff ~((a3e)>t. I 

We prove here: 

Theorem 1.3. For every pair o f  positive integers l, t and for every graph G there exist 
a graph H and a system f# of  copies of  G in H such that 

1. H ~  (G), 
2. (~ does not contahz any cycle of  length less then l. 

Theorem 1.4. For every triple of  positive integers t, t, n there e.x'ists a graph H such 
that 

1. H ~  (K(n))t / H k 
2. [K(n) ~e does not contain any cycle o f  length less tha,~ ],. 

Remark that Theorem 1.3 generalizes results from [2, 4, 6] and Theorem 1.4 
answers a question of J. Spencer [8]. As the proofs of both theorems are constructive 
this provides a strenghtening of [8] as well. 

The above theorems were announced in [7] and they also strenghten the 
construction of graphs with high chromatic number and without short cycles [3]. 
Our proof is based on the so-called partite construction introduced in [6] (which, 
incidentally, yields a short proof of the existence of graphs with high chromatic 
number and no short cycles, see [5]). 

This paper consists of three parts. In Section 1 we give definitions and out- 
line the strategy of our proofs. In Section 2 we prove Theorems 1.3-4.  Section 3 
contains some concluding remarks. 

2. Preliminaries 

In this part we introduce the notion of an a-partite graph and related special 
symbols ~ .  ((Xi)7=l, E), B .  ( ( x i ) a = l ,  E), ~ - ~ .  They will be used in the proof 
of the main theorem. 

Definition 2.1. An a-partite graph is a pair ((Xi)~=l, E) where the sets Xi .form a parti- 

+ I tion of  the vertex set Xi and Xi, E is a graph such that no X~ contains an), 
/ = 1  i 

edge from E. 

We remark that we allow X~=0 for some i. 
a e a Two a-partite graphs ((Xi),=l, E) and ((Xi),=l, E ' )  are said to be iso- 

a 

morphic if there exists a bijection f :  U Xi~ 6 X/ which satisfies f ( X 3 = X [  for 
i = l  i = 1  

every i = l ,  ..., a and {f(X), f(y)}~E" iff {x, y}EE. 
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((X~)/=,, E)  is said to be an (induced) subgraph of ((X/)~=I, E ' )  if X~==X/ 

} ( 2 )  for every i =  1, ..., a and if X~, E is an (induced) subgraph of X[, E" . 

X "  A subgraph of  ((Y3~=~, F) isomorphic to (( ,)~=~, E)  will be often refer- 
red to as a copy of ((&)Lx, E) in ((Y:)7=~, F). 

Definition 2.2. Let ((X3~=~, E) be an a-partite graph. Fix c, dE{l, ..., a}, c#d. 
Let ((Y~, Ya), F" ) be a bipartite graph and let ~ be a family of  copies of  ((X~, Xa), E ')  
in ((Y~,Ya),F'), where E'={e¢E; e~X~UXd}. Put M={Bx ..... B,}. For each 
cop3, Bj let ~oj: X~UXn~Y~UYd be ~e corresponding isomorphism (i.e. q~j(X¢) 
c_y~, ~Oj(Xd)~=yn). We define an a-partite graph ~',((X,)f=~, E ) =  ((Y~)~=x, F) 
as follows: y~= X, x {1 . . . . .  r } for i#  c, d; {~t, ~}~ F i f  one of the following possibi- 
lities holds." 

(i) ct=(x,./), /~=(y, j )  and {x, y}¢E; 
(ii) /3=(y, j) ,  c~=¢pj(x) and {x, y)¢E for some x¢X~UXn; 

(iii) c~Y~, [1~Y a and {c~,/3}~F'. 

X . Intuitively, N . ( ( 3 ~ = ~ , E )  is an amalgamation of copies of ((X3f=~,E) along 
the set system ~.  

We introduce some further notation and mention a number of  trivial facts: 

(a) F o r j = l ,  ..., r denoteby 7~.: 0 Xi~ U Y~ the 1--1 mapping defined by 
i = 1  i=1  

'e j (x)=~oj(x)  for X~XcUXd 

Tj(x) = (x,j)  for x~X~UXd. 

(b) It is easily seen that  

F = {{~j(x), ~Vj(y)}: {x, y}EE, j <= r} 

and that for each B.i the subgraph of ¢3*((Xi)7_-~,E) induced by the set 

(c) (Notation.) This a-partite graph will be denoted by Bj*((Xi)f=a,E). 
(d) Explicitly Bj .  ((Xi)f=l,?)= !!7~j(Xi))~=l, {{TJj(x), ~Pj(y)}: {x,y}EE}): 
(e) (Notation.) If G =  [(X~)i=l, E ) is an a-partite subgraph of ((XI)}'=a, E)  

then B i ,  G will stand for the 7~j-image of G. 
(f) Explicitly, Bj*G= ((Y/°)~=l, FV), where Y~= ~j(Xi °) for i =  1, ..., a and 

X"= {{7Sj(x), 7Jj(y)}: {x, y}EE"}. 
(g) (Notation.) If N is a system ofsubgraphs of ((X3f=a, E)  then ~ .  N denotes 

the set of all subgraphs of ~ *  ((X3~-l, E), of the form Bi.G" , BjC~, G'~fg. 
(h) The bipartite graph ((X~, ~'~), E ) may be considered as an a-partite graph 

((X/)f=a, E ' )  where X~=X~, X~=Xd, X'=O otherwise. Using this convention P3 
X "  is a family of subgraphs of  ~ *  (( i)i=l, E). In particular, Bj is a subgraph of 

Bj~  ((X~),".=x, E)  for every j =  I, ..., r. 
Theorems 1 and 2 will be deduced from the following somewhat technical 

statement : 
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Proposition 2.3. For every pair o f  positive h2tegers t, 1 and every bipartite graph G 

thereexistabipartitegraph H a n d a f a m i l y  f#C=[G j with the following properties: 

1. n ~--~ (G),; 
2. (g, does not contain cycles o f  length less than or equal to l; 
3. I f  1>2 and Gx, G~ are two distinct members off# then G1 and Gz intersect 

in at most 2 vertices. Moreover, i f  x, y are common vertices o f  G~ and Gz then {x, y} 
is an edge (in both G1 and G~). 

Observe that 3 is slightly stronger than the fact that G~ does not contain any 
2-cycle. 

We will prove the Proposition by induction on 1. Theorem 1.3 will be estab- 
lished by the same construction (and using Proposition 1). Theorem 1.4 is a direct 
consequence of the proof of Theorem 1.3 given below. 

3. Proofs 

Proof of Proposition 2.3. We proceed by induction on l. The case l=  1 (i.e. the 
induced bipartite Ramsey Graph-Theorem) is easy and folktoristic. For the sake of 
completeness, note that any bipartite graph is a subgraph of a bipartite graph of type 
(X, [X]P; {{x, P} : xEP~[X]P})=(X, [X]P; E) for some positive integer p and set X. 

Using Ramsey's theorem we get that for every p, X there are p', X" such that 

H = (X', [X'] p', E) ~ (G)t where G=(X, [X] p, ~). 

Clearly, f#---[H t satisfies the condition ( l = t ) ( s e e  [6] for more details). 

In the induction step assume that Proposition 2.3 is valid for a fixed l ~  1. Fix 
G=(V, E), I Vl=n and a positive integer t. Without loss of generality assume n~3 .  
Let H '  =(V' ,  E')  be a bipartite graph with H'- (G) ,  (which exists by the case l =  1). 
Suppose further 

V ' =  {1,2 . . . . .  a} 

E' = {el . . . .  , e,,} 

f#'  = = { a l ,  . . . ,  c 3 .  

Define inductively an a-partite graph pk and a system f#k for all k<-m as follows: 

= 0 a  v o  ( ( x , ) , = l ,  Eo) 
where 

x o = {i} × {1, . . . ,  q} 
and 

{(v,j), (v',j')}EE ° iff j---j" and {v,v'}~E(Gj). 

Denote by Gj the subgraph of p0 induced by the vertices V(Gj) × {j} and put f#o 
= {~ j ;  j =  1, . . . ,  q}. 
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Suppose that pk = ((X~')~'=I, ~-'~) and ~ ~ G have already been defined 

for k < m .  Put {c,d}=ek+~6E' and consider the bipartite graph" 

B ~+1 = (X~,X~,E'),  where E'  = {eEE: e <- X~UX]}.k 

Now, applying the induction hypothesis to the graph B ~+~, we obtain that there exist 
(C~+1 I 

a bipartite graph ~c~+I-(Y-,_~, Ya, F') and and system ~Ak+~C(Bk+~)= such that 

(i) C k+l e~"+' (Bk+~),, 
(ii) (~k+a)~ does not contain cycles of  length </ ,  

(iii) singletons and edges are the only pairwise intersections of  copies from ~ +  a 
(cf. 3. in Proposition 2.3). 

Put 

Finally, let 
pk+x= ~k+~,p~ and (~,4-~ = ~ k + a . N ~ .  

t I =  pm_((y~)f=~, F) and N =N ~ .  

We will prove that H and G have all the desired properties. 

Claim 1. H ~ ( G h ,  

Proof. Following the lines of [6], [9] we use backwards induction on k = m ,  m -  1 . . . .  
.... 0. Let (p: E(H)-, {1, .,., t} be an arbitrary coloring. Using the definition of P"  
there exists a B~EN 'm such that ~0 restricted to the edge set of  B m is a constant (say 
~om). (Note that B ' ~ ' ~  is a subgraph of C"  isomorphic to B ~. The upper index 
indicates that B m is related to the a-partite graph pm and thus also to the edge e,, 
of  the graph H' . )  Consider the restriction of (p to the edge set of the graph B m-,pm-1 
(which is isomorphic to pm-~). 

Using the definition of  P ' - ~  there exists B ~ - I E ~  .... ~ such that ,~ restricted 
to the edge set of Bin* B'~-~ is constant (say (p~-l). Proceeding this way we obtain 
BiE:~ ~ i=m, m - l ,  ..., 1 such that the edge set of Bm,~,(Bm-I,...,,-(Bi~a~B i) ...) 
is coloured by ~o ~ (cf. Section 2(e)). Now consider P'=B~'.  (... ,, (B x,P°) . . . ) ,  p, 
is a copy of  p0. Observe that for every edge {i, i'}=ejEE" the following holds: the 
set of all edges e of  P" which satisfy e~Y~U¥~, is a subset of the edge set of  
B ~' . (... ~ (B j+~ . BJ)... ). Consequently, the colour of  an edge e of  P '  depends only 
on those sets Y~, Y~, for which eC__ Y.kAY,-,. This induces a coloring cp" of  the edge set 
E" of  H '  by ~o'(ej)=(p ~ for j =  1, 2, ..., m. 

Thus, there exists G'CN' such that the coloring (p" restricted to the edge set of  
G" is a constant. Hence, the coloring q) restricted to the edge set of a copy 
B~-, ( B ' - I . . . . .  ( B I , G ' ) . . . )  is constant. This proves Claim 1. | 

Claim 2. H is biparffte. 

This is obvious as H" is bipartite and the bipartition of H" induces the bipar- 

tition on each of  pk, k = 0  . . . .  , m (the mapping f :  @ X~-~{1 . . . . .  a} defined by 
i = 1  

f (x )=L for all x~X~, is a homomorphism, f :  Pk~H').  
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Claim 3. Any two distinct copies J)'om ff intersect in at most two vertices. I f  they h~- 
terseet in exactly two vertices then these vertices fbrm an edge (in both copies). 

Proof. Follows easily by induction. The case po, cgq~ is trivial. Put ek+l= {C, d}. If 
G~,G2 arc members of . ~ k + l = ~ k + l _ ~ ( g k  then put Gi=Bi*Gi, B~(~ ~+~, GiCff k 
for i = l ,  2. If now B~=B2 then we use induction on k and if B~-B2 then the verti- 
ces of the intersection G~(~G., are contained in the set YcLJYa. Moreover, as G~ 
and G~ correspond to copies of G in H" and as {c, d} is an edge of  H" we get that 
IV(G~)~(Y~[jYa)[>=2 iff IE(G~)N[Y~UYa]'[=I for both i = [ , 2 .  This proves 
Claim 3. | 

Claim 4. ay~ does not contain cycles o f  length < l +  1. 

Proof. Clearly, we may assume l > 2  as the case l =  1 is trivial and the case l = 2  
follows from Claim 3. We proceed by induction proving that (ffk)e does not contain 
cycles of length < l +  1 for k = 0 ,  1 . . . .  , m. This is obvious for (ff0)~ as if0 is a collec- 
tion of q disjoint copies of G. Assume that (c~k)¢ does not contain cycles of length 
< l + 1  for some k~0 .  

Suppose for a contradiction that the sequence E(GI), ..., E(G¢,) of the edge sets 
of these graphs G~, ..., G¢, which belong to ffk+a form a cycle of length 1"<l+ 1. 
Denote by E~ the edge set of G~. We may assume that aI1 the sets E~ are distinct and 
that E~_~OE~¢E~NE~+t#O for i=1 . . . . .  / '  (cyclically). 

Recall that ~k+~=.ga+a,f¢~. Thus each Gi, i=1 . . . . .  1' is of the form 

G i = B i ~ G i , 

where G~ff~ and B~E~g+L Observe that both G~ and B~ are uniquely determined 
by Gi (as G has at least 3 vertices) for every i =  1 . . . . .  l'. Moreover, if Gi=Bi~ Gi, 
Gj=B.i*C, ~ and B,~B.i when E~(qE~#O, then B~ and B~ intersect in (exactly) one 
edge (as ~k+l satisfies condition 3. of Proposition 2.3). Consequently the edge sets 
of  the graphs B~, ,.., By either coincide or contain a cycle of length -< I+1. 

The first case is impossible, for if B=B~ . . . . .  By then G~=B.*G~ and thus 
G~ form a cycle of  length <1+1 in f~k, a cont~adictiol;. 

Now consider the second case. Denote by L'~ the edge set of B~. Obse~we that 
IE~('I~iI=I. Since EifqE~,,.~¢Ei-t~Ei we get that for every i=1 . . . . .  l" either 
E ~ , & E ~ _ ~ f q E ~  or E~fq~#E~+~OE~. Obviously, if e.g. E,_[f"IE~C-E~I~ 
then ~_~=R~. Consequently, for every i=1 . . . . .  l" either ~Y~_~=LV~ or R~=~+~. 
Thus, we have that the set {~e . . . . .  El,} contains a cycle of length < l in (NgL, which 
is a contradiction. II 

This completes the proof  of  Proposition 2.2. II II 

Proof of Theorem 1.3. Repeat the construction given in the proof  of Proposition 
2.3 with the following inputs: If  l = l  then put a = k  and 

H ' = ( { I  . . . . .  {a}, {i,j}: I ~ i < j ~ a } ) = K ( a ) .  

If l >  1 then let H '  be a Ramsey graph for G, N' = (H" exists by the induction 

hypothesis used for l=  1). If H = P  m, a~-ffr~ is the result of this construction then 
the same proof  as above establishes Theorem !.3. II 



SPARSE RAMSEY GRAPHS 77 

Proof of Theorem 1.4. Assume without loss of  generality n>2.  Put G=K(n) 
and use for G exactly the same construction as in the proof of Theorem 1.3. Let 

[ H ) doesno t  H = P  m be the resulting graph. It suffices to prove that the family K(n) 

contain cycles of length < I. This can be done by induction on l (the case l=  1 being 
trivial). In the inductive step, let po, p~, ..., pro= H be the graphs constructed in the 

proof of Theorem 1.3. In this situation, we prove by induction on k that K(n) ~ 

does not contain cycles of length < / + 1 .  
This is obvious for k = 0 .  [pk+l) 
Suppose that some copies K~ . . . . .  Kv of K(n) form a cycle in ~K(n))~" Each 

Ki is of the form Ki=Bi*Ki .  Let Ei, Ei, Ei denote the edge sets of K,, B~, K~. 
Then the following are true: 

()) B,~=,~.,nE~=£,ngj;_ 
(2) If B~ . . . . .  B v = B  then E~ . . . . . .  E,, torm a cycle in pk (a contradiction). 
(3) If not all of B~, ..., By coincide then there exists i such that B~=B~+~. 

Consequently, the set {/7~ . . . . .  Lev} contains a cycle of length < / in (.~k+ ~)~ (a contra- 
diction). 

This completes the proof of Theorem 1.4. | 

4. Concluding remarks 

We can extend Theorem 1.4 to several noncomplete graphs as well. E.g., the 
following is true. 

Definition 4.1. A graph G = (  V, E) is called 3-chromatically connected iJ" the graph 
( V - V ' ,  {eEE: eV) V'=0}) is connected for eveo, bipartite subgraph (V', {e~E: 
eC= V ") o f  a. 

Theorem 4.2. Let k, l be positive integers and let G be a 3-chromatically connected 
graph. Then there exists a graph H with the following properties: 

(i) H~(G)k 

(ii) ( H )  does not contain cycles of/enght 
e 

Conjecture 4.3. For every graph G and positive integers k, I there e.vists a graph H such 
that 

(i) H-,-(G)k 

(ii) ( H )  doe., not contain cycles o f  length 
e 
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